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Abstract 

In the present work we establish an energy quantization (or energy identity) result for solutions 
to scaling invariant variational problems in dimension 4 which includes biharmonic maps (extrinsic 
and intrinsic). To that aim we first establish an angular energy quantization for solutions to critical 
linear 4th order elliptic systems with antisymmetric potentials. The method is inspired by the one 
introduced by the authors previously in [LaR| for 2nd order problems. 

Introduction 

Let N be a C 3 -submanifold of R k . Let B x the unit ball of K™ and u € W 1 ' 2 (B 1 , N) then we can define 
the Dirichlet energy of u as 



D(u) = \ ( \Vu\ 2 dx. 

2 J By 



The critical point of D are the so called harmonic maps for which there have been an extensive theory 
developed. In particular, when n = 2 since in that case the functional is conformally invariant, it has 
been proved that the harmonic maps have some special properties, in particular an energy quantization 
for sequences of bounded energy, see [Pa] for instance. 



In this paper, we consider still quadratic scaling invariant problems but in dimension n = 4 this time. 
In that case, there is several way to define an equivalent of the Dirichlet functional. Since we look for a 
scaling invariant quadratic functional the gradient has to be replaced by some expression involving second 
derivatives. The simplest example is given by 



E(u) = - I \Au\ 2 dx 

4 J By 



Bi 

The critical point of this functional are called extrinsic biharmonic maps. The term extrinsic comes from 
the fact that this functional (and consequently its critical points) depends on the choice of the embedding 
of N into M. k . Trying to remedy to this lack of intrinsic nature of the problem, one can instead consider 
the following functional 

I{u) = - f \(Auf\ 2 dx, 

where (Ait) T is the projection of Am onto T U N. The critical point of / will be called intrinsic biharmonic 
maps. We can further introduce other functionals of similar nature and we refer to [Mo for more examples. 
The Euler Lagrange equation satisfied by the biharmonic maps have been computed in particular in |Wa2) . 
One shows that u £ W 2 ' 2 (Bi, N) is an extrinsic (resp. intrinsic) biharmonic map if and only if u satisfies 

T e (u) = A 2 u - A{B(u)(Vu, Vu)) - 2V • (Ait, VP(it)) + (A(P(«)), Au) = 0, 
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respectively 



Ti(u) = A 2 u - A(B(u)(Vu, Vu)) - 2V • (Au, VP(u)) + (A(P(u)),Au) 

- P{u) {B{u){Vu, Vu)V u B{u){Vu, Vu)) - 2B(u)(Vu, Vu)B(u)(Vu, VP(tt)) = 0, 

where P and B are the orthogonal projection onto T U N and the second fundamental form of bmce 
our result applies indistinctly to extrinsic as well as to intrinsic biharmonic maps, except when it is 
necessary, in what follow we will indifferently employ the denomination biharmonic map for 
both extrinsic biharmonic map and intrinsic biharmonic map. We observe that these equations 
are of the form, 

A 2 u= c a (u)d ai ud a2 ud a3 ud ai u, 

a%-i hct4=4 

0<a;<4 

which make them critical in the sense that there is no hope to use directly standard L p -theory for proving 
regularity or compactness results. The critical nature of an elliptic problem is characterized by possible 
loss of compactness at isolated points. In order to fully describe this concentration-compactness phe- 
nomenon one has to understand "how much" energy is lost at these isolated points. Energy quantization 
means that the energy lost corresponds exactly to the sum of the energies of the so called bubbles - or 
rescaled elementary solutions on S* 4 - concentrating at these points. The word quantization refers to the 
fact that the bubbles cannot have arbitrary small energy and in some problems it is even known that 
they can realize only a discrete set of values. 

Our main result in this paper is the energy quantization result for biharmonic maps. In fact we are 
proving something stronger considering more generally sequences of approximate solutions of biharmonic 
maps. To that aim we need the following definition. 

Definition 0.1. Let N be a C 3 -submanifold ofR k ,p>l,f£ L p (Bi,R k ) and u £ W 2 > 2 (B U N). u is 
f -approximate biharmonic maps if u satisfies 

Ti{u) = f or T e (u) = f. 

Hence, we are in position to sate our main result. 

Theorem 0.1. Let N be a C 3 -submanifold ofR k , p > 1, /„ e L p (B u R k ) and u n £ W 2 ^ 2 (B 1 ,N) be a 
sequence of f n - approximate biharmonic maps with bounded energy, i.e. 

f (|W fl | 2 + |Vw„| 4 + \f n \ p ) dz < M. (1) 

Then there exists f £ L p (Bi,M. k ), Uoo £ W 2,1 (Bi,N) a f -approximate bihamonic map and 

i) uj 1 ,...,u) some biharmonic maps o/R 4 to N, 

ii) a„, . . . , a n a family of converging sequences of points of B\, 
Hi) A^, • • •) A„ a family of sequences of positive reals converging all to zero, 
such that, up to a subsequence, 

u n ->■ Uoo in Wf£{B x \ {a^, . . . , a l x }) for all q < 

z p 

1 see section for precise definitions 
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where uj l n — a/(a^4-A^ . ). Moreover, if N is C l+3 and f n is bounded in C l ' v (Bi,R k ) then the convergence 
ofu n to Uoo is in C l+4 ' u {Bi \ {a 1 ^, . . . ,a l oa }) for any < v < rj. 



Observe that sequences of biharmonic maps into a smooth manifold holds in Cf£ c . Such a result was 
already know for intrinsic biharmonic maps, see |HP1| and |HP2| . or for extrinsic biharmonic maps into 
a sphere, see |Wa4] . Here, the method employed seems particularly robust since, not only it is identical 
for both extrinsic and intrinsic biharmonic maps but it applies moreover to a larger class of scaling 
invariant problems. As an illustration of this fact we prove that the method applies to the following 
general lagrangians 

(\Au\ 2 dx + u*il) or f (\(Au) T \ 2 dx + u*il) , (2) 



Bi 



where f2 is an arbitrary smooth 4- form of R fe . 

The method we use goes first through the proof of an angular energy quantization resultB for se- 
quences of solutions to the general critical 4th order elliptic system system with antisymmetric potentials 
introduced by Lamm and Riviere |LR| . We follow in fact the approach that we originally introduced 
in jLaRj for second order problems. We have good reasons to think that the method could further be 
extended for proving a general energy quantization result for polyharmonic maps in critical dimension, 
(see the e-regularity for polyharmonic maps in {GSZG and GasSch] for the general case, see also jRuj ) . 



As an immediate consequence of theorem 10.11 we get the asymptotic behavior of biharmonic maps 
flow. A weak solution to the extrinsic biharmonic map flow is a map u € W 2 ' 2 ([0, +oo[xi?i, N) satisfying 

— + A 2 u = A(B(m)(Vu,Vu)) + 2V • (Au,VP(u)) - «A(P(u)),Au) on [0,+oo[x5i 
u = i*o on {0} x B\ 



where uo £ W 2,2 (Bi, N). Several existence results have been established for see for instance [Lam 
for small initial data or |Gasj and |Wa3] for solution with finitely many singular times and arbitrary 
initial data. All these solutions satisfy the following energy identity 



/ f ^ dxdt + [ \Au\ 2 dx< f \Au \ 2 dx for all T > 0. 

JO Jb x Jbx Jbx 



(4) 



Corollary 0.1. Let N be a C z -submanifold ofWL k and u Q € W 2 ' 1 (B 1 ,N) and u € W 2 ' 2 ([0, +oo[xBi,N) 
be a global solution of f3|) satisfying the energy inequality (J^J). Then there exist t n a sequence of positive 



real such that t n — > +oo, a biharmonic map Uqo € W 2,1 (Bi, N), I G N, 



of K 4 to N and a^, . . . , a n a family of of points of B\ converging to a\ 

u(t n , . ) — > Uoo on W 2 ^(B 1 \ {ale, a 1 ^}) for all p > 1 



u!" , . . . , ui l some biharmonic maps 
OJ . . . , a 1 ^ , such that 



u(t n , . ' 



where u l n = u/« + . ). 



i 

i=l 



V u(t n , .) 



2 see the end of section [4] for a precise statement 



i=l 



LtdBi 
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In fact, thanks to (£[]), we easily prove that there exists t n such that u(t n , . ) satisfies the hypothesis 
of theorem lO.il with p = 2. 

The paper is organized as follows: in section [TJ we rewrite the equations in order to apply the theory 
of Lamm and Riviere, in section [2] we recall the main results of Lamm and Riviere and we prove an 
e-regularity result for biharmonic maps, in section [3] we derive the key estimate in Lorentz space for the 
angular derivatives in a annular region of arbitrary conformal type, finally in section U we prove our main 
result postponing technical result to section [5] and |B1 

Acknowledgements : This work was initiated as the first author was visiting the Forschungsinstituts 
fur Mathematik at E.T.H. (Zurich). He would like to thank the institute for its hospitality and the excellent 
working conditions. 



1 Biharmonic equation in normal form 

Let N C K fe be a C 3 -submanifold, there exists S > such that II : N$ — > N, the nearest projection map, 
is well defined and C 3 , where N s = {y € K fc | d(y, N) < 6}. Let, for y e N, P(y) = VII(y) : R fe -> T y N 
be the orthogonal projection, and P ± (y) = Id — VII(y) : K fc — > (TyN)- 1 . In the following, we will write 
P(resp. P ) instead of P(y)(resp. P ± (y)) and we will identify these linear transformations with their 
matrix representations in A4k- We also note that these projections are in W 2 ' 2 (E>i, ftAk) as soon as u is 
in W 2,2 (B>i, N) . Finally, let B( .)(.,. ) be the second fundamental form of N C K fc , which is defined by 

B(y)(Y, Z) = D Y P ± (y)(Z), Vy e N,Y,Z e T y N. 

We know that, see |Walj . that u £ W 2 ' 2 (P>i, N) is an extrinsic biharmonic map if and only if 

A 2 u _L T U N almost everywhere, 

which can be rewritten as follows 

A 2 u = P ± A 2 u 

(5) 

= dw(P- L VAu) - VP i VAu. 
Then we rewrite the second term of the right hand side as follows 
VP^VAu = VP^P^VA?! + VP^PVAu 

= VP^P^VAu - P^VPVAu (6) 
= 2VP ± P ± VAu + (VPP^ - P ± VP)VAm. 

But 

2VP- L P- L VAtt = 2VP ± P ± VAu - 2VP ± Vdiv(P ± Vu) 

(7) 

= -2VP- L VP i Ait + 2dw(VP- L (VP- L Vw)) - 2AP ± VP ± Vw 
Thanks to ©, © and Q, we get 

A 2 u = div(P^VAu) - div(2VP ± (VP ± Vu)) 
+ 2VP ± VP ± Au + 2AP J -VP ± Vu 

- (VPP^ - P ± VP)VAu 

= A(P ± Aw) - div(yP x Au + 2VP ± (VP ± Vw)) 
+ 2VP ± VP ± Au + 2AP ± VP ± Vw 

- (WPP 1 - - P ± VP)VAu, 
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which finally gives the equation of extrinsic biharmonic maps 

A 2 u = -A(VP i Vw) - dw(VP x Au) 

+ 2VP ± V(VP ± Vw) + 2VP ± VP ± Aw (8) 

- (VPP^ - P x VP)VAu. 

For intrinsic biharmonic maps, we need to add some tangent terms, see |Wa2] for details, which gives 

A 2 u = -A(VP- L Vu) - div(S/P ± Au) 

+ 2VP ± V(VP ± Vw) + 2VP ± VP ± Au 

- (VPP X - P ± VP)VAm (9) 
+ P (VP x VitV(VP" L Vit)) 

+ 2VP ± VuVP ± VP 

Proposition 1.1. XTie equation (0) <™d @) can 6e rewritten in the form 

A 2 u = A(VVu) + div(wWu) + VwVti 4- PVm, (10) 
where V £ W 1 < 2 {B l ,M k ® k 1 ^ 1 ), w G L 2 (B u M k ), lu e L 2 (B u so k ) and F € L 2 ■ W 1 ' 2 (Bi,M k <8> A X R 4 ) 

|v| <c(|Vu|) 

|P| < C ((|V 2 u| + |Vu| 2 ) |Vu|) almost everywhere , (11) 

H + M <c(|v 2 w| + |Vw| 2 ) 

where C is a positive constant which depends only on N . 
Proof of proposition 

We give a proof for equation ([SJ , the intrinsic case will follow easily. 

From the one hand, we proceed to the following Hodge decomposition 

dpp ± _ p ± dp = da + d*/3, 

where a € W 1 ' 2 (B u so k ), (3 € Wq' 2 (B 1: A 2 (P 4 ) ® Hence a and /3 satisfy 

Aa = APP X - P^AP, 

and 

A/3 = dP A dP^ - dP^ A dP. 

Then a g W^ 2 (Pi,so fc ), d*/3 g W^' l) {B 1 ,K 2 {R i ) ® M k ) and we get 

(VPP X - P ± VP)VAm = dAaVu + Ad*f3Vu + A((VPP^ - P x VP)Vu) 
- 2div(V(VPP ± - P- L VP)Vu) 
= VcjiVw + PiVm + A(ViVit) + div(wiVu), 

wither G L 2 (Pi,so fc ), Pi <= L 2 -W n > 2 (.B; L ,.Mfc<8>A 1 ]R 4 ), Vi € VK 1 ' 2 (Pi,7W fc «)A 1 ]R 4 ) and iwi € L 2 {B 1 ,M k ). 
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From the other hand, we have 

2VP ± V(VP ± Vu) = F 2 Vu, 
with F\ = 2^-V(VP ± Vu) e L 2 ■ W 12 (Bi,Mk ® A 1 ]! 4 ) and 

2VP ± VP ± Au = F 3 Vu, 

with Fl = 2^-VP^Au £ L 2 ■ W 1 - 2 (B 1 ,M k ® A 1 !! 4 ), which achieves the proof. □ 

For general Lagrangian of the form ©, the equation becomes, 

_ , . TT ( du du du du \ . . TT ( du du du du 

T e {u) = H - — , - — , - — , - — or T e (u) = H 



oxi 0x2 0x3 0x4 J \ox\ 0x2 0x3 0x4 

where H is the 4-form on R fe into R fc defined by 

dto(U, V, W, X, Y) = U.H^V, W, X, Y) for all U, V, W,X,Y £ R k . 

Hence we have 

^ ( du du du du \ 
\dx\ ' dx 2 ' dx3 ' dx4 J 

with F £ L 2 ■ W 1 > 2 (B 1 ,M k ® A X R 4 ). 

2 Preliminaries 

First, we recall the main result of |LR] that provides a divergence form to elliptic 4th order system of 
the kind (|10p under small energy assumption. This will be one of the main tools in order to obtain the 
estimate needed for the energy quantization. 

Theorem 2.1 (Theorem 1.4 |LR| ) . There exists e > and C > depending only on N, such that 
the following holds: Let V £ W 1 ^ 2 {B 1 ,M k <8> A^ 4 ), w £ L 2 {B x ,M k ), us £ L 2 (Si,so fe ) and F £ L 2 ■ 
W^iB^Mk ® A'E 4 ) such that 

\\V\\ W 1,2 + \\w\\ 2 + ||W|| 2 + \\F\\ L 2. W 1,2 < £, 

then there exists A £ L°° n W 2 ' 2 {B 1 ,gi k ) and B £ W 1 '^(B 1 ,M.k <& A 2 R 4 ) suc/i i/ioi 

VAA + A^y - VAiu + A(Vw + F) = curLB, 

and 

||A|| W 2,2 + d(A,S0 n ) + ||B|| lf | < C (||y|| w i.2 + \\w\\ 2 + \\oj\\ 2 + \\F\\ L 2. w i, 2 ) . 



Thanks to the previous theorem, we are in position to rewrite equations of the form ([10]) in divergence 
form. 

Theorem 2.2 (Theorem 1.2 and 1.4 |LR| ) ■ There exists e > and C > depending only on N, such 
that ifue W 2 - 2 {B 1 ,M k ) satisfies 

A 2 u = A(VVu) + div(wVu) + VwVit + FVu + /, 

where V £ W 12 (Bi,M k ® A 1 ^ 4 ), w £ L 2 {B 1 ,Mk), u £ L 2 (B 1: so k ), F £ L 2 ■ W 1 ' 2 (B 1 ,M k (8 A 1 ]^ 4 ) 
and / e L 1 (Bi,K fc ) wrf/i 

11^11^1,2+11^112 + 1^112 + 11^1^2.^,2 <£, 
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then there exists A G L°° n W 22 (B 1 , Gh) and B G W 1 '^(B 1 , M k <8> A 2 R 4 ) such that 

\\A\\ W 2,2 + d(A,SO n ) + \\B\\ wl4 <C(\\V\\ w i,2 + \\w\\ 2 + \\u\\ 2 + \\F\\ L 2. W1 , 2 ) 

and 

A(AAu) = div (2VAAu - AAVu + AwVu + VA(VVu) - AV{VVu) - BVu) + Af. 

A first consequence of the previous theorem, is the e-regularity for biharmonic maps. It can also be 
compared with the corresponding result established for second order problems in theorem 3.2 of [LaR] . 

Theorem 2.3. Let p > 1, there exists e > and C p > such that if u G W 2,2 (Bi, R fe ) (resp. 
u e VK 2 ' 2 (R 4 ,R fe )j 7 / G L p (B 1 ,M k ) (resp. f G L P (R 4 , R fc ) ), V G W 1 ' 2 {B ll M k ® ^^(resp. V G 
W l - 2 {VL A ,Mk ® A^ 4 );, w G L 2 (Bi,Mk) (resp. w G L 2 (K 4 , _M fc ) J, w G ^(B^aok) (resp. oj G 
L 2 (R 4 ,so fc )J and F e L 2 ■ W 1 ^ 2 (B 1 ,M k ® A^ 4 )^. F e L 2 ■ W 1 ' 2 (R 4 ,M k ® A 4 R 4 )) safe/?/ fTTJ) 
and 

||V 2 u|| 2 + ||Vu|| 4 <e, 

1. (e-regularity) If u € W 2 ' 2 (Bi, R fe ) is a solution of 

A 2 u = A(VVu) + div{wVu) + VojVu + _FV?i + / on B\, 
then we have u G W /2 '^(-B|,M fc ), where p = if p < 2 else any p > 2 and 

l|V 2 n|| ij5 ^^ + ||Vu|| / n < (||V 2 n|| L2(Bl) + ||Vu|U* (iJl) + ||/|| p ) . 

Moreover, if N is smooth and f G /or Z G N and 77 > £/ien we can replace W 4 'P by C l+4, ' n . 

2. (Energy gap) If u E W^ 2 ' 2 (R 4 , R fe ) is a solution of 

A 2 u = A(VVu) + div(wV u) + VwVu + -FVu on R , 

i/ien u is identically equal to zero. 

The proof of theorem 1 2 . 31 could be achieved almost following lemma 3.1 of |LR) . We give however an 
independent proof of this fact that shed new lights on the problem. 

Proof of theorem \2.3t 

Let < e < 1 such that, thanks to (fTTj) . hypothesis of theorem l2.2l are satisfied. Then we can rewrite 
our equation as 

A(AAu) = div(K)+Af, 
where A G L°° n W 2 ' 2 (B 1: Gh) and K G L 2 ■ W 1 ' 2 C L^ 1 satisfy 

\\A\\ W 2.2 + d(A,SO n ) + \\K\\ Li>1 < C (||V 2 «|| 2 + ||Vn|| 4 + \\V\\ w i,. + \\w\\ 2 + |M| a + 11*11^.^) 

where C is independent of u. 

Let p G Bi and < p < \. We decompose AAu on B p (p) as AAu = C + D where C G W 1,2 (.Bp(p)) 
and D G VF 1 ' 2 (B p (p)). Then C* satisfies 

AC = div(K) + Af on B p {p) 
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and D satisfies 

AD = on B p (p). 
Thanks to the standard L p -theory and Sobolev embeddings, we get 

i 

Ub ( p) |c|2 dx ) - c + - c ( £ H v2m II 2 + ^ii Vu ii 2 + p^\\f\\p) > ( 12 ) 

where C is a positive constant in dependent of u. 

Using the fact that D is harmonic, we have that S i— > (jpri Jb s ( p ) \D\ 2 dx is an increasing function 
and hence for all 6 G]0, 1[ we deduce, 

f \D\ 2 dx<6 4 [ \D\ 2 dx. (13) 

Jb Sp (p) Jb p ( p ) 

We then decompose u as follows : u = E + F where F G W 1,4 (-B p (p)) and F G W 1 ' 4 (S /3 (p)) satisfy 

AF = A~ l {C + D) on B p {p) 

and F satisfies 

AF = on Bp{p). 
Thanks to the standard L p -theory and Sobolev embeddings, we get 

-(/ \\7E\ 2 dx] <C\([ \C\ 2 dx] +{/ \D\ 2 dx] ). (14) 

P \JB p (p) J \\JB p (p) J \Jb p (p) J J 

where C is a positive constant in dependent of u. 

The function 8 \— > (j^yr J Bs r p -) |VF| 2 <Ae is increasing since F is harmonic and we have have again, for 
alHe]0,l[, 

If S 2 f 

•\JF\ 2 dx < — / |VF| 2 dx. (15) 



(M 2 Jb Sp (p) P 2 Jb p (p) 

Then, thanks to (TT^j) . f| 13[) . flT4"|) and (|15p . for 5 and e small enough (with respect to some constant 
independent of u) , we have 

L> ( iv2 " |2+ <^ iv "' 2 ) ( |v2 -' 2 + > |! ) ii+cs ^ m '- 

Iterating this inequality gives the following Morrey type estimate : there exists a > and C > such 
that 



sup p a 



peBi ,o<p<i 

Then 



( L co ( |y2u|2 + ^ |Vu|2 ) dx ) " c|l/llp ' 

sup p- Q / |A 2 u|da; < C||/|| p . 
l ,o<p<4 Jb p { p ) 
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Then a classical estimate on Riesz potentials gives, for all p G Bi 

\Au\(p) < (C\\f\\ P )^ * Xb, |A 2 «| + C||V 2 U || L2(Bl) , 

|V«|(p) < (CII/IIp) A * XB h |A 2 U | + C||Vu|U 2(Bl) , 

where xb± is the characteristic function of the ball Bi. Together with injections proved by Adams in 

t i 2 2 

[Adj . see also 6.1.6 of [Gral . the latter shows that 

l v2 "IL^„ \+H Vu IL.Y„ N <C(||/|| P +||V 2 M || 2 + ||V U || 4 ) , 





f||Vu|| / \ 


(-»)' 


L2 i B i) 







for some r > 1. Then bootstrapping this estimate, we get 

||V 2 w || L , (Bl) + ||Vti||£w ( fl < C (ll/Hp + ||V 2 u|| 2 + ||V«|| 4 ) , 

where p is the limiting exponent of the bootstrapping given by the Sobolev injection of W 2 ' p into LP if 
p < 2. Indeed, thanks to (fTTj) . the only limiting term for the bootstrap is the regularity of /. 

Now, we can easily derive the proof of the energy gap. Indeed, thanks to the previous estimate, we 
easily see that for some q > 2 we get 

\\^ 2 u\\ Lq(BR ) + \\Vu\\ L 2 q(BR) < C l|M| ^' 2 for all R > 0, 

R i 

which proves that u = 0. □ 

3 Uniform estimate in annular region 

In this section, we derive a strong estimate for angular derivatives in an annular region independently of 
the conformal class. 

Theorem 3.1. There exist e > and C > depending only on k, such that if0<r<j,p>l and 
u G W 2 ^ 2 (B 1 \ B r , R k ) satisfies 

A 2 u = A(Wu) + div(wWu) + 

where V € W l ' 2 {B\ \ B r ,Mk ® A 1 R 4 ), to G L 2 (Bi \ B r ,M k ), u G L 2 (Bi \ B r ,so k )> F e L 2 ■ W 1 ^ 2 (B 1 \ 
B r ,Mk ® A^ 4 ) and / G L p (-Bx,K fc ) u«tfi 

H^Hh/1,2 + || + ||W|| 2 + 11^1^2.^1,2 < £, 



l VTVM ll L 2,^ Bl ^ < C ( 1 + l|V 2 u|| i2(BABr) + ||V«||i4 ( fl ABr ) + H/HiP(Bi\fl P )) 



w hereV T f = Vf~^£. 
Proof of theorem \3.1l 
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Using some classical extension theorem, we see that there exist V € W 1,2 (Bi,M.k ® A 1 !! 4 ), w € 
L 2 (B u M k ), Co e L 2 (B u so k ) and F G L 2 ■ W 1 ' 2 (Bi,M k <8> A X R 4 ) such that V" = V, w = w, ui = u and 
F = F on Bi \ B r and 

HVHwi-a + ||tS||a + ||w|| 2 + ||F|| L 2. iy i,2 < 2e, 
Thanks to theorem [271] for < e < | small enough, there exist A e L°° n W 2 ' 2 (B 1 ,Ql k ) and 
fl G ^.(i 1 )^) such that 

d(A,SO k ) + \\A\\wv + \\B\\ wU a a) < C {\\V\\w^ + ll^lb + \\Co\\ 2 + \\F\\l*.w^) 

and 

VAA + AAV - VAui + A(Vuj + F) = cuxlB. 
Then we extend uby u £ W 2,2 (Bi) such that 

l|V 2 u|| L 2 (Bl) + ||Vu||i4 (fll) < 2 (||V 2 U || L 2 (BABr) + ||Vtt||£* ( B ABr) ) • 

We easily see that u satisfies 

A(AAu) = div(K) + Af on B x \ B r , 
with K = 2VAAu - AAVu + AwVu + VA(Wu) - AV{VVu) - BVu ei^fBi) such that 

\\K\\ Li < C (1 + \\V 2 u\\ L 2 (Bl \ Br) + \\Vu\\ LHBl \ Br) ) 

Then, we extend Af by / G L p (Bi) such that 

II/IIp < 2p/|| P . 

Then let D E {B x ) which satisfies 

AD = div(K) + f on £ x . 

Hence, thanks to the standard L p -theory, there exists C a positive constant independent of r, such that 

\\D\\ 2A <c(\\K\\ LiA 

Finally, thanks to lemma [5TTT there exists a, b € K fc and C a positive constant independent of r, such that 

b 



D - AAu - a 



L2.i Bi\B 2 , 



< C\\D-AAu\\ 2 



< C 



(l+||V 2 «|| 2 + ||X|| L 4,+||/|| p ) 



(16) 



Hence we have 



with 



11*11 



div(AVu) = a + —- + F on B x \ B r 



< C (1 + ||V 2 u|| L 2 (BABr) + \\Vu\\ LHBl \ Br) + ll/Hp) 



Let us proceed to the following Hodge decomposition, 

Adu = da + d*/3 



(17) 
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where a G W 1>2 (Bi ) and /3 € W 1 ' 2 ^) satisfy 

Aa=a + n? + FonBi\ B 2r 
\x\ 2 2 

and 

Atf = dA A du - du A eL4 on Bi 

2 

From the one hand, we extend F by F £ VF 1 ' 2 f-Bi) such that 

11*11 / N < 2||F|| i2 ,i. 

11 "i,2,i(Bi 



Then, let a G Wq' (-Bi) which satisfies 

Aa = F on Bi . 

2 

Hence, thanks to the standard L p -theory, there exists C a positive constant independent of r, such that 

||V 2 (5|| 24 <C||F|| 24 . 

then, thanks to lemma [570 there exists C a positive constant independent of r, such that 



V J V(o-a) r / n <C||V 2 (a-<5)|| 2 

< C {\\F\\2,i + ||V 2 /3|| 2 + ||V4Vfi|| a + ||i4Vfi||a) 
From the other hand, thanks to the standard-L p -theory and Sobolev embeddings, we get 



(18) 



|V 2 £|| / s ^ <C(l + \\^u\\ L2{BlXBr) + \\\7u\\ LHBABr) ). (19) 



Here we use the injection of W 1,2 into L 4,2 . Finally, thanks to ([XT]). ([T8]) . (fl9|) and the fact that 

||V T V«|| ia , 1 < C (||V T (AVu)|| L2 , 1 + ||V T AV M )|| L2il ) , 
we get the desired estimate. □ 

4 Proof of theorem 10.11 

First we are going to separate B\ in three parts: one where u n converges to a limiting solution, an other 
composed of some small neighborhoods where the energy concentrates and where some bubbles blow 
and a third part which consists of some neck regions which join the first two parts. This "bubble-tree" 
decomposition is by now classical, see [Paj for instance, hence we just sketch briefly how to proceed. 



Step 1 : Finding the points of concentration 

Let £o be such that the V,w, oj and F given by the section [T] satisfy, thanks to (JTTJ) , the hypothesis 
of theorem 12.31 as soon as ||V 2 w|| 2 + ||Vu||| < £o- Then, thanks to (fTJ), we easily proved that there exist 
finitely many points a 1 , . . . , a™ where 

(|V 2 w| 2 + |Vm| 4 ) dx > e for all r > 0. (20) 

B( ai ,r) 
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Moreover, using theorem 12.31 we prove that there exist / 6 L p (Bi,M. k ) and a /-approximate biharmonic 
maps Moo £ W 2 ' 2 (Bi, N) , such that, up to a subsequence, 



and 



f n ^fmLP(B 1) R k ) 



Vu n ->■ V Uoo in W^(B 1 \{a\..., a"}). 



Step 2 : Blow-up around a 1 

We choose rj > such that 

/ (|V 2 Moo | 2 + |V Moo | 4 ) dx < 

JB{ai,n) 

Then, we define a center of mass of B(a l , r*) with respect to u„ in the following way 

( [ x a \\7 2 u n \ 2 dx\ 

JB(a',r') 



£0 
4 ' 



|Vm„| 2 dx 



,r«) 



' a=l, 



Let A^ be a positive real such that 



/ 

J B(ai ,r*)\.B(o 



|V 2 U J 2 + |VuJ 4 ) 



(a^,r i )\B(a^,AJ 1 ) 



Then we set u^x) = tt„(a^ + A^x) and iV* = B(a l n ,r l ) \ B(a l n ,X l n ). Thanks to the conformal invariance, 
we easily see that 

/ / . \ (|V 2 <| 2 + |V<| 4 ) dx = [ (|V 2 u„| 2 + |V M „| 4 ) dx < M 

JB\o,jZ-j Jb(4/) 

and u l n still satisfies the equation of approximate biharmonic maps with the approximation (A£J f n which 
goes to zero in L p -norm. Let a\ be the possible points of concentration of u l n where 



i{o?,r) 

Then, up of a subsequence, for each i, 



[ (|V 2 <| 2 + |V<| 4 ) dz > e for all r > 0, 

JB(aLr) 



(21) 



Vu{ -+ Vul in Wlf c {B, \ {aj, a?}), 
where u 1 ^ £ W 2 ' 2 (R 4 , N) is a biharmonic map. 
Step 3 : Iteration 

Two cases have to be considered separately: 

Either u l n is subject to some concentration phenomenon as (1201) . and then we find some new points 
of concentration, in such a case we apply step 2 to our new concentration points. Or, u l n converges in 



12 



Wj (R 4 ) to a non trivial Inharmonic map. 

Of course this process has to stop, since we are assuming a uniform bound on || V 2 u Tl || 2 + ||V 2 ii n ||4 
and each step is consuming at least the energy of a non trivial biharmonic map which is bounded from 
below thanks to the energy gap proved in theorem 12.31 

Analysis of a neck region: 

A neck region is an annullar region which is a union of a finite number of annuli = B (a^,/x^) \ 
B (a % n , AJj) such that 

lim = 0, 

k— *-+oo 

lim = 0, 

and 

/ (|V 2 U „| 2 + |V U „| 4 ) dx< ^ (22) 

In order to prove theorem 10. 1[ we start by proving a weak estimate on the energy of gradient and the 
hessian in the region N^. 

First we remark that, for all e > 0, there exists r > such that for all p > such that 

B 2p (ai)\B p (ai)GNl(r) 



where N^r) = B (<,r/4) \ B (<, £), 



-B2 P (a^)\-B p (oj,) 



we have 

V 2 w„| 2 + |Vw„| 4 ) dx < s . (23) 



If this is not the case there would exist a sequence p\ — ¥ such that, up to a subsequence, u n = 
u n (a l n + p l n z) convergesinW^'f (M 4 \ {0}) to iioo, a non-trivial biharmonic map. Using the fact that the 
W ' -norm of is bounded, we deduce using Schwartz lemma that it has to be in fact a solution on 
the whole space. Using the energy gap proved in theorem 12.31 we deduce that is such that 



(jV 2 Uoo| 2 + IVuooI 4 ) dx > e , (24) 

N 



which contradicts (|22"|) . 

Then for all e > 0, there exists r > such that 

II V 2 M„|| i 2, c( Ar ^( r )) + || Vu n || L 4,oo( A r^( r ,)) < e. (25) 
Indeed, let < e < £0 and r > such that, for all 

fl ap (0 W<) c JVj(r) 

we have 

(|V 2 u„| 2 + |Vw ri | 4 ) dx < e . (26) 

B2 P «)\ B p(<) 



13 



Then, thanks to e-regularity in theorem 12.31 there exist q > 2 and C a positive constant, independent of 
r and u, such that for all p > such that 

B2>;)\s p (4)civ;(0, 

and n big enough, we have 

< Cyfl. 



(27) 



Let A > 0, f(x) = \X7 2 u(x)\ if x G and / = otherwise. For any p > 0, we denote 

C/(A,p) = {xe B 2p \ B p s.t. f(x) > A}. 

Thanks to 1[27|). we have 

A 9 |C/(A,p)| < C r eV~ 29 - 

Let fc G Z and j > fc, we apply the previous inequality with p = 2~ : 'A~ 1 and we sum for j > fc, which 
gives 

A 2 |{a; € R 4 \ B 2kx -i s.t. f(x) > X}\ < C2- k{4 - 2q h^ p 4 ~ 2q . 
Hence, for any k € Z, we have 

\ 2 \{xeR 4 s.t. f(x) >A}| < c(l- k(4 - 2 ^E% +2 4fe> 



Taking 2 4fe we have 

'|Z. 2 >°°(./V*(r)) 

We prove a similar inequality for || Vw n ||i4,oo , and then we have (|25[) . 



\V 2 u n \\ L 2,a, (m(r)) < Ce*, 



Finally using theorem 13.11 and the duality for Lorentz spaces, we see that, for all e > 0, there exists 
r > such that 

l|V T (V U )|| i2(JV , (r)) <e (28) 

Then using the Pohozaev identity Q36p for extrinsic biharmonic maps (reps. (|37[) for intrinsic biharmonic 
maps) and the fact that the convergence is strong on the boundary of a neck region, we get that for all 
e > 0, there exists r > such that 

l|V 2 u|| L 2 (Ar , (r)) + \\Vu\\ LHNUr)) < e. (29) 

Which achieves the proof of theorem lO.il □ 

Following step by step the proof of theorem l0.ll we can prove the following theorem about the angular 
energy quantization of solution of fourth order elliptic system in the form of Lamm Riviere, [LR . 



Theorem 4.1. Let V n € W 1 ' 2 (B 1 ,Mk ® A 1 ]^ 4 ), w n G L 2 (B 1 ,M k ), tu n G L 2 (B 1 ,so k ), F n £ L 2 ■ 
W 1 ' 2 (Bi,Mk ® A 1 !! 4 ) and u n G W 2ll (.Bi,R n ) &e a sequence of solutions of 

A 2 u n = A(V n \7u n ) + div(w n Vu n ) + Vw„Vu„ + F n Vu n , (30) 

bounded energy, i.e. 

\\V 2 u n \\ 2 + ||Vu„|| 4 + IlKHwi.a + |K|| 2 + ||w n || 2 + \\F n \\ L 2. w ifl < M. (31) 
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Then there exists e W 1 ' 2 (B 1 ,M k <2> A 1 ^ 4 ), E L 2 (B u M k ), Woo G L 2 (5i,so fe ) ; F x e L 2 
W 1 ' 2 (Bi,M k ® A 1 ]^ 4 ) and Ze£ <= W 2,1 (Bi,]R n ) a solution of 

A 2 u oc = AfVooVwoo) + div(w oc \7u oc ) + VcjooVuoo + FqoVmoo on Si, 

Z € N* and 

1. 8 1 ,. . . ,9 l a family of solutions to system of the form 

A 2 6 1 = A(V^ W) + diviw^e 1 ) + Vu i 00 Ve i + F^Ve 1 on M 4 

where G W^ 2 {M. 4 , M k <8> A^ 4 ), u;^ e L 2 (R 4 ,M fe ), a;^ e i 2 (M 4 ,so fc ) and 
F^eL 2 - W 1 > 2 (R 4 ,M k ® A X R 4 ) 7 

2. a*, . . . ,o4 a family of converging sequences of points of B\, 

3. A* , . . . , \ l n a family of sequences of positive reals converging all to zero, 
such that, up to a subsequence, 

V n ->■ Voo in Wj£(B u M k ® A^ 4 ), 

w n Woo in Lf oc (B 1 ,M k ), 

u> n Woo in Lf oc (B 1 ,so k ), 

F n - F x m L 2 oc ■ W^(B u M k ® A 1 ^), 

u n -> Uoo on W; 2 ' c 2 (Bi \ {alo, . . . , a!*,}) 



and 



V I U„ - U c 



»=i / / 



^oc( B l) 



w/iere = k/(a^ + \ l n . ) and X n is any vector field whose image is in (Vd n ) ± with d n = min (A^ + 

\<i<l 

d(a l n , .))■ 

5 A lemma about harmonic maps on an annular regions 

Lemma 5.1. Let < r < 4 and u € W 1,2 (Bi \ B r ) be a harmonic function such that 



uda = 0, 



( do- = 0. 



Then there exists C a positive constant independent of r and u such that 

<C\\u\\ 2 



L- 



and 



|v T v M || i2i 



< C||V T Vw|| 2 . 
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Proof of lemma \5.1l 



Since u is harmonic, it can be decomposed with respect to the spherical harmonics as follows 

+ 00 N, 



=EE(^+^" ! 14> (32) 



u 

1=1 k=i 



where (4> l k )i.k are a L 2 -basis of eigenfunction of the Laplacian on S 3 . In particular we get 

Acp l k = -l(l + 2)4 onS 3 . 

Thanks to this equation, L p -theory for singular operators gives the existence of a positive constant C, 
independent of I such that 

Halloo < C((/(Z + 2)) 2 . 

Moreover we know that Ni, the dimension of the eigenspace associated to —1(1 + 2), is equal to (I + l) 2 . 
Hence, computing the L 2 -norm and L 2,1 -norm of the function fj : x 1— > \x\ ] , we get 

r 2+J 

II/,- II 2 > — if j < -2 

where C is independent of j. 
Then 



+00 Ni / / 1 \ X + 1 \ 

1 «n L3-1 rfliVBrl < c EE(4(i) + (2-)- ; ) m + 2)) 2 



+00 iVi 1 \ 2 / + °° Nl /i\ ¥+ 2 \ 2 

SC| (ggK) 2 ^) ^g4(2 1 + 4)(( 1(i + 2 ))*(I 

I _ 

/ + OO TV; _ 2/ \ 2 / + oO AT; / 1 \ *\ 2 

+ EEK") 2 V EEw+ 2 )) 4 1 

\i=i fe=i / \/=i fc=i x 

Thanks to the fact that Ni, the dimension of the eigenspace associated to the eigenvalue — 1(1 + 2) of 
the Laplacian, is equal to (I + l) 2 , we get the first estimate. The second identity is obtained in the same 
way. □ 
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6 Pohozaev identities 

In this section, we prove a Pohozaev identity for extrinsic and intrinsic biharmonic maps in order to rely 
the radial derivatives to the angular ones. First we multiply our equation by x k duu and we integrate by 
part. 

f (x k d k u) (A 2 u) dx = - [ (Vu,V(Au))dx- [ {x k d k d i u)(d i (Au)) dx 

JB{0,r) JB{0,r) J B(0,r) 

+ / (x k d k u) d v (Au)da 

JdB(0,r) 

= 2 I (Au) 2 dx + I x k d k (Au)(Au)dx 

JB(fi.r) JB(0,r) 

+ [ {(rd y u) d v (Au) - {d v u) (Au) - r (dlu) (Au)) da 
= [ UAufda 

JdB(0,r) L 

+ / ((rcU) d v {Au) - {d v u) (Au) - r (5» (Au)) da 

JdB(0,r) 

Using the fact that for an extrinsic harmonic maps we have A 2 u±T u N almost everywhere, we get for all 
r that 

/ ( l(Au) 2 - (d 2 u) Au + (d v u) d v (Au) - - (d v u) (Au)) da = (33) 

JdB(0,r) \ 2 r / 

3 1 
Au = d 2 u + -d v u + —A s su. 



But 



Hence 



(Au) 2 = (diuf + ■^{d v uy + ^(A s3 u) 2 + -(d v u)(diu) + ^(A S 3u)(d 2 u) + —(d„u)(A s3 u). 



From the one hand, we have 

\(Au) 2 (9» Au = -\ (dluf + JL {dvU f + _L {As3U f + _| {dvU) {As3u) 

which gives 

f (\(Au) 2 (dlu) Au) dx = f (-\ (dluf + A (d v u) 2 + -L (A S 3u) 2 + 1 (d v u) (A S 3u) 

(34) 



>B R \B r \ z I JB R \B 

From the other hand 



(8 v u)d v (Au)-- (8 v u) (Au) = (d v u) (dlu) + - (d v u) (dlu)-- (d v u) 2 +^ (d v A s3 u) (d v u)-^ (A s su) (d u u) 
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Integrating by part, we get 



(d u u) d v (Au) - - (d v u) (An)) dx= f ((d v u) (dlu) + - (d v u) (9» - - (d„u) 2 ) dx 
B„\B r V r ' Jb r \b,, \ r r 

f 

B R \B 



1 3 

— (d v A S 3u) (d„u) 3 (A S 3u) (e?„u) ) dx 



(d v u) (d 2 v u) da 



Sr\B, 



B R \B r 



1 3 \ 

— (d v A S 3u) (d v u) — (A S 3u) (d v u) dx 



d(B R \B r ) 



B R \B r 



B a \B r 



(d u u) (dlu) - ^ {dvuf^j da 

({dluf + ^(d v uf} dx 

1 3 

(d„A S 3u) (d u u) 3 {A S 3u) (d v u) ) dx 



(35) 



Finally, thanks to ([221), (EH) and ([23), we have 



i B n \B, (l ^ + h < 3 -) 2 ) * " L, B , ^ < & -«) 2 ) * 

y ^ (^A S 3u) (a v tt)J dx (36) 



+ / f (d vU ) (dlu) - 1 (a„ u ) 2 ) da 

Jd(B R \B„) V 2r 7 



Since the equations of extrinsic and intrinsic biharmonic maps differ only by P(u) (B(u)(Wu, Vw)V u i?(w)(Vu, Vit))- 
2B(u)(Vu, Vi/)B(!i)(Vii, VP(u)), we multiply this term by x k dkU which gives 

x k d k u (P(u) (B(u)(Vu, Vu)V u B(u)(Vu, Vu)) + 2B(u)(Vu, Vti)B(«)(V«, VP(tt))) 
= B(u)(Vu, X7u)\7 xkdkU B(u)(\7u, Vu) + 2B(u)(Vu, Vu)B(u)(Vu, V(x k d k u) 



2 N 



A |i?(M)(V "' Vu)l I +2\B(u)(Vu,Vu)\ 



2 



J_d_ 

\x\ 3 dv 



-\B(u)(Vu,Vu)\ 
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Then integrating, we get the following Pohozdcv identity for intrinsic biharmonic maps 

/ 



4- (9,/Agsu) (9„u) ) dx 



Is, 

+ [ ((&«) {d 2 v u) 

Jd(B R \B r ) 



(37) 



>d(B R \B r ) 

-^_{d v uf - r -\B{u){Vu,Vu)\ 2 ) do 
We also get a Pohozdev identity for the critical point of general functional, since 



JB R \B r \oxi dx 2 dx 3 dxij Jb r \b t V 



du du du du du 
dxk ' dx 1 ' 8x2 ' dxz ' 8x4 



dx = 0. 
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